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ABSTRACT 

The gauging of isometries in general sigma-models which include fermionic 
terms which represent the interaction of strings with background Yang-Mills fields 
is considered. Gauging is possible only if certain obstructions are absent. The 
quantum gauge anomaly is discussed, and the (1,0) supersymmetric generalisation 
of the gauged action given. 



Non-linear sigma-models are important two-dimensional field theories and 
those that are conformally invariant describe the propagation of a string in a curved 
space-time [1]. Gauging such sigma-models can give a construction of new confor- 
mal field theories, and gauged Wess-Zumino-Witten models provide a lagrangian 
formulation of the coset construction [2] . More recently, duality symmetry in string 
theory has been formulated in terms of gauged sigma-models [3] , and this has led to 
the proposal of non-abclian gcncralisatons of duality symmetry [4]. Supersymmet- 
ric gauged sigma-models have also been used to construct (p,q) supersymmetric 
integrable models [5]. In [6,7,8], the gauging of general non-linear sigma-models 
with Wess-Zumino terms was shown to be possible only if certain obstructions were 
absent, and the gauged action was given. The (p,q) supersymmetric generalisa- 
tions of these sigma-models were constructed in [9] . The purpose of this paper is to 
extend these results to the case of sigma-models with fermionic terms, representing 
the interaction of strings with background Yang-Mills fields Cf^, in addition to the 
metric ^y, anti-symmetric tensor gauge field 6y and dilaton In particular, the 
(1,0) supersymmetric version of such terms describes the propagation of heterotic 
strings in backgrounds with non-trivial gauge fields [10] and the gauged version 
can be used to formulate the effect of duality transformations on Yang- Mills fields 



The action for a bosonic two dimensional sigma-model with Wess-Zumino term 
and Pradkin-Tseythn term is 



where A** {a — 1, ...n) are infinitesimal constant parameters, e is a constant and 



[12]. 




(1) 




5^^ = eX^a 



(2) 
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are a set of vector fields on M provided the Lie derivative with respect to of gij-, 
$ and Hijk vanish, which will be the case if 

^{i^3)a = (3) 

(where = Qijii) 

= (4) 

and Ca-^ijk is an exact two- form, i.e. there is some (globally defined) set of Lie- 
algebra- valued one- forms Va, defined up to the addition of a closed form, with 
components Via such that 

CaHijk = d^Vk]a (5) 

Then ^* are Killing vectors which can be taken to generate some n-dimensional 
isometry group G satisfying 

[^aAb]=CaCb = fab% (6) 

where fab^ are the structure constants of G and Ca denotes the Lie derivative with 
respect to ^a- 

The vanishing of the Lie derivative of Hijj^ implies that 

for some A^a so that the variation of bij can be cancelled by an anti-symmetric 
tensor gauge transformation, or equivalently, the variation of the 6-term in (1) 
is a total derivative. If A^a = 0, then the symmetry can be gauged by minimal 
coupling, i.e. by replacing the derivatives 9^ in (1) by gauge-covariant derivatives 
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D^, where 

D^f = d,cf>' - eA-C (8) 



and the gauge field transforms as 



M« = 9^A« + en^A'^X' (9) 

In the case in which Aj^ 7^ 0, minimal coupling is not sufficient and the gauging is 
as given in [6,7,8]. The gauging can in principle be given in terms of the Aj^ given 
in (7), but these are not vector fields in general since the bij are not tensors but 
are connections, and it is more convenient to work in terms of the covariant Via- 
Gauging of the isomctry symmetry (2) is possible only if [6,7,8] (i) the Via can be 
chosen to be equivariant, i.e. chosen so that 

J^aVib = fab%c (10) 

and (ii) if 

C(a6) = (11) 

where 

Cab = ViaCl^ (12) 
If these two conditions are satisfied, then the gauged action is 

Sg^I Jd'^x^/h {gij D^cj^Wf + ^R] 

+ \ Jd^xy/h e'^^ {bijd^cl)'d,<j)^ + 2eAlviad,<t^' - e\^ab]{<t^)AlAl 

This can be rewritten as [6,8] 

Sg^\ Jd'xVh {gij D^<t>'Di'<fP + ^R] 

+ j (^^HijkD<p'D<P^D<p'' + %iaD<f>'F 



(13) 
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(14) 



Y 

where F is a three-manifold whose boundary is the world-sheet X and the field 
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strength two-form is F"- = dA"- — ^ef^^^A^ A'^ . As usual, the fields <f)\ on X are 
extended to fields on Y in the second term in (14). If (10) is satisfied but (11) is 
not, then the action (13) is not gauge- invariant, but satisfies 

^S^e^ J d^xVh e^'^c(ab) A" (a^^A^) (15) 

which is proportional to the consistent chiral anomaly in two dimensions. 
Suppose now that one adds a fermionic term of the form [10] 

Sf='- Jd^xVhMV+i^)A (16) 

where V'A ^-re chiral Majorana world-sheet spinor fields that are also sections of an 
0{N) vector bundle over M with connection Cf^{4>), Cf^ = -Cf ^, and fibre 
metric 5ab-i which is used to raise and lower the 0{N) vector indices A,B,... — 
1, . . . ,N. The covariant derivative is 

(V^V^)^ = d^i^A - luj^i^A - d^cP'Cf^'iPB (17) 

where uj^ = ^tab^^'^^, is the world-sheet spin-connection and V± = e^V^ where 
Ca (a = ±) are zweibeins, with = ■iie^^ei,±. This is formally invariant under 
the 0{N) gauge transformations 

Sil^A = M/V^b, 5Ci = diM - [a, M] (18) 

with parameter M^{(f)). Under an arbitrary variation of the fields, the action (16) 
changes by 

6Sf = I Jd^x^/h |(A^^)(V+V')a - ^<5<^^a+<^G,^.^VAV's} (19) 
where the field strength is 

Gij^diCj-djCi-[Ci,Cj] (20) 
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and the covariant variation is defined by 

^i^A = 5tPA - dct^Cf'^iJB (21) 

The transformation (2) for constant A will lead to a symmetry of the action Sf 
if the connection Ci is invariant up to a gauge transformation: 

^aCi — VjACfl (22) 

for some /t^^(0), as the variation of the action can then be cancelled by an 0{N) 
transformation of ipA, S'tpA — ^'^K'a^i^B- This condition has been discussed in 
[11], where particular attention is paid to global aspects. It can be reformulated 
covariantly as follows. The condition for there to be an isometry symmetry is that 
the field strength satisfy 

CGf = V,/.^^ (23) 
for some fi^^{(f)). This is equivalent to (22) with 

f^a^Ka- CCi (24) 

The Ka are not 0(A^)-covariant (they transform as a connection), and it is more 
convenient to work with the /x^-^ defined by (23), which transform covariantly 
under 0{N) transformations 

Sf^a^[M,f,a] (25) 

just as for the Wess-Zumino term it was better to work with the Via rather than 
the Aia- If (23) is satisfied, then the action (16) is invariant under the rigid trans- 
formations given by (2) and 

AiljA = eXyi^i^B (26) 
Under the transformations given by (2), (26), with local X{x), the action Sf 
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varies by 

SSf^e J (fxVh d+X'Ja- (27) 
where Ja- is the Noether current 



Ja- = '-{^A^i'^^B) (28) 



This variation can be cancelled by adding the Noether couphng — eA+ J_ to obtain 
Sg='- Jd'^xVh (V^^(V+^)a - eAliijfiai^)) 



(29) 



where 



This action is then fully gauge- invariant provided the are equivariant, i.e. they 
satisfy 

^alJ'b - K, /^ft] = fablJ^c (31) 

where Ca is the gauge- covariant Lie derivative, which for tensors transforming 
according to the adjoint of 0{N) is given by 

taT.j^. = CaT^^. - Ca[Ci, Tij...]^^ (32) 

This is the analogue of the equi variance condition (10). 

To summarise, the action (16) is invariant under rigid isometrics provided that 
the field-strength satisfies (23) for some //o, and this can be promoted to a local 
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symmetry provided the jia satisfy the equivariance condition (31), in which case 
the gauged action is (29). Note that (23) is equivalent to the condition that 

^aGij = [/ia, Gij] (33) 

for some so that the gauge-covariant Lie derivative of the field-strength vanishes 
up to a gauge transformation. The action (29) is also invariant under the 0{N) 
transformations (18), (25). 

As an example, consider the case in which the vector bundle is the tangent 
bundle and C^^ is the torsion-frcc spin-connection, where A, B are now tangent 
space indices with respect to a target space vielbein Ef. Then Gf^ = R-ijAB 
where RijAB is the curvature tensor and (23) is automatically satisfied with fi^^ 
proportional to EfEfV^^i. 

The gauge variation of the connection defined by (30) is 

8Ai^ = a+A^^ - [A, A]^^, A^^ = X^ni^ (34) 

so that the action (29) is manifestly invariant under the transformations (34) and 
^''pA — —eX^^ipB, which is equivalent to (26). Quantum mechanically, the gauge 
symmetry of the chiral fermion action (29) is anomalous, with the variation of the 
effective action proportional to 

J^xVhAi^d-X^^ (35) 

Adding a counterterm proportional to Ti {A+A-), the anomaly becomes propor- 
tional to 

A = y A^^dX^^ (36) 

where A"^^ — A^^dx^^. When rewritten in terms of A"- and A**, this contains d(f) 
and d(f)d(f) terms. 
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It is straightforward to extend these results to the (1,0) super symmetric sigma- 
model. For a flat world-sheet with h^^iy = tj^^^, flat (1,0) superspace has coordinates 
x'^^x~ and 6 and flat superspace derivative D with = id+. The (1,0) super- 
symmetric generalisation of (1) is given by [10] 



j(fxd9gijD(P'd-(tP + Jd'^xdtdeHijkdtfD(tPd-(f)'' , (37) 



where is now a superfield, i.e. a map from the (1,0) superspace into M. The 
transformations (2), now involving superflelds, are rigid symmetries of the action 
(37) provided that the vector fields satisfy the same conditions as in the bosonic 
case. To promote these rigid symmetries to local ones, it is necessary to intro- 
duce a (1,0) super Yang-Mills multiplet. This is described by gauge superfields 
A{x, 9), Aj^{x, 9), A-{x, 9) which can be used to define gauge-covariant derivatives 
V, V_, V+. These are taken to satisfy the constraints [13] 

[V,V] = 2iV+, [V,V-]=W^, [V+,V-]=F, (38) 

with all other super-commutators equal to zero. In equation (38), the field strength 
W°' is an unconstrained superfield while the Bianchi identities imply that F"- is 
proportional to DW . Acting on sigma-model fields, these become (setting e — —l) 

W<l>'^D(t>' + A^Ci^), [W,W-W^W^Ci4>) (39) 

etc. Gauging is possible if and only if it is possible for the corresponding bosonic 
model, in which case the action for the gauged (1,0) sigma model is 



S^-i jd^xd9 gijV(i)'V-(i^ + bijD(f)'d-(ty' 

- A^Uiad.ct>' + A''_UiaDci>' + ylM^_C[„fe| 

The (1,0) supersymmetric generalisation of (16) is [10] 

1 ^2. 



(40) 



S^- ld^xd9iJADtpA (41) 
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where 



(42) 



and ipA are now fermionic superfields. Again, this is invariant under rigid isometry 
symmetries if and only if the connection Ci{(f)) satisfies (23) for some ^a, and the 
rigid symmetry can be gauged if fj,a is equivariant (31), in which case the gauged 
action is the (1,0) supersymmetrisation of (29), given by 
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